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ABSTRACT
Flexion is a non-linear gravitational lensing eet that arises from gradients in the on-
vergene and shear aross an image. We derive a formalism that desribes non-linear
gravitational lensing by a irularly symmetri lens in the thin-lens approximation.
This provides us with relatively simple expressions for rst- and seond-exion in
terms of only the surfae density and projeted mass distribution of the lens. We give
details of exat lens models, in partiular providing exion alulations for a Sérsi-law
prole, whih has beome inreasingly popular over reent years. We further provide
a single resoure for the analyti forms of onvergene, shear, rst- and seond-exion
for the following mass distributions: a point mass, singular isothermal sphere (SIS);
Navarro-Frenk-White (NFW) prole; Sérsi-law prole. We quantitatively ompare
these mass distributions and show that the onvergene and rst-exion are better
indiators of the Sérsi shape parameter, while for the onentration of NFW proles
the shear and seond-exion terms are preferred.
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1 INTRODUCTION
Quantifying the exat shape of baryoni and dark mat-
ter density proles that form in expanding ΛCDM os-
mologies is an ongoing issue. N-body simulations suggest
that CDM halos are well tted by either Navarro-Frenk-
White (NFW) density proles (Navarro et al. 1997) or de-
projeted Sérsi-like laws in the form of Einasto (1965)
or Prugniel & Simien (1997) density proles (Navarro et al.
2004; Merritt et al. 2005, 2006; Graham et al. 2006a,b). Nu-
merous observations of early-type galaxies suggest their
luminosity proles, and hene stellar mass distributions,
follow either Sérsi, ore-Sérsi or Nuker-law models (e.g.
Lauer et al. 1995, 2005; Graham et al. 2003; Ferrarese et al.
2006; Cté et al. 2006, and referenes therein), while gravi-
tational lensing observations have suggested the total mass
distribution (i.e. baryons plus dark matter) is onsis-
tently desribed by isothermal spheres (Treu & Koopmans
2002, 2004; Rusin et al. 2003; Rusin & Kohanek 2005;
Koopmans et al. 2006; Gavazzi et al. 2007; Czoske et al.
2008; Dye et al. 2008; Tu et al. 2009). Meanwhile, de-
bate about the mass distributions of galaxy lusters has
⋆
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been no less intense; only reently is the NFW pro-
le (e.g. Carlberg et al. 1997; van der Marel et al. 2000;
Athreya et al. 2002; Katgert et al. 2004; Lin et al. 2004;
Hansen et al. 2005; Lokas et al. 2006; Rines & Diaferio
2006; Wojtak et al. 2007; Okabe et al. 2009) being favoured
over the isothermal sphere (e.g. Athreya et al. 2002;
Ettori et al. 2002; Katgert et al. 2004). As gravitational
lensing traes total projeted mass, it is an extremely pow-
erful tool for determining the mass distributions of these
systems without having to make assumptions about the dy-
namis or onstitution of the lensing objets (for reent re-
views see Shneider 2005; Hoekstra & Jain 2008).
Traditionally, the study of weak lensing has been lim-
ited to linear eets; onvergene and shear. These elds
have the eet that an elliptially shaped soure galaxy
gets mapped to an elliptial image. Therefore, to deter-
mine information about the lensing objet using rst-order
quantities, assumptions must be made about the intrin-
si elliptiity of the soure galaxy, or a large number of
soure galaxies must be utilised to ensure statistially rea-
sonable results an be inferred (see for e.g. Hoekstra et al.
2004; Mandelbaum et al. 2006). Reently however, vari-
ous authors have begun to onsider higher-order lens-
ing eets known as exion (Goldberg & Natarajan 2002;
Goldberg & Baon 2005; Baon et al. 2006)
1
. Flexion omes
1
Irwin & Shmakova (2005, 2006) also onsider higher-order lens-
ing, whih they term sextupole lensing with omponents sextupole,
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in two avours that orrespond to various spatial deriva-
tives of the shear and onvergene, implying they are due
to gradients in the rst-order elds aross the extent of the
soure/image. Physially, one an think of rst-exion as a
shift in the entroid of the image with respet to the soure
and seond-exion as reating an ar-like struture in the
image (Baon et al. 2006). That is, with the inlusion of
exion, an elliptial soure galaxy gets mapped to a jelly-
bean shaped image for a irularly symmetri lens. In this
way, exion provides a better observable than the rst-order
elds as only one reasonable assumption about the soure
galaxy is required  i.e. galaxies are not intrinsially exed
2
.
The exion of a lensed image is formally alulated
using multipole moments (Goldberg & Natarajan 2002;
Goldberg & Leonard 2007; Okura et al. 2007, 2008), how-
ever in this work we hoose to treat the gravitational lensing
variables as eld variables. That is, we determine the amount
of onvergene, shear and exion one would measure as a
funtion of the distane from the entre of the lensing mass
and the angle in the sky, ignoring the overall shape and size
of the soure. Determining the hange in shape between the
soure/image pair requires a more detailed mapping that
alulates small hanges in the position of numerous light
rays in the image and soure planes. This is a somewhat
more diult task that requires numerial methods, whih
is beyond the sope of the present work. However, treating
the gravitational lensing terms as eld variables is extremely
useful and the benets it purveys are three-fold:
(i) It allows us to determine dierenes in the global grav-
itational lensing properties from various realisti density dis-
tributions (in partiular see gure 2 below).
(ii) We an determine the relevant lensing terms (onver-
gene, shear, rst- or seond-exion) for diserning between
individual shapes of density proles. For example in se-
tion 4 we show that onvergene and rst-exion are good
indiators of the Sérsi shape parameter, whereas the on-
entration of NFW proles an be determined by looking at
the shear and seond-exion.
(iii) The derivation of analyti solutions is a ritial rst
step towards studying exion through multiple lens planes
with arbitrary mass distributions.
This paper is set out as follows; In setion 2 we system-
atially develop the two-dimensional thin-lens gravitational
lens equation for an arbitrary, irularly symmetri matter
distribution, deriving the rst-order terms in setion 2.2 and
the exion terms in setion 2.3. In setion 3 we onsider ex-
at forms of the matter distributions, writing down analyti
expressions for the onvergene, shear and exion for a point
mass, singular isothermal sphere (SIS), NFW and Sérsi pro-
les in setions 3.1, 3.2, 3.3 and 3.4 respetively. In this way
we are providing a single resoure where the analyti forms
for the onvergene, shear, rst- and seond-exion an be
found for a range of useful density proles. Finally, in se-
tion 4 we ompare the gravitational lensing eets of eah of
ardioid and displaement. In Irwin et al. (2007) the authors show
that sextupole is equivalent to seond-exion and a ombination
of the ardioid and displaement terms is equivalent to rst-
exion.
2
Galaxies are not intrinsially exed providing they are dynam-
ially relaxed.
these proles. We nd that the shear and seond-exion for
a Sérsi-law prole are systematially greater than for NFW
and SIS proles, whereas the onvergene and rst-exion
of eah of the proles are omparable. We further show that
the onvergene and rst-exion provide exellent traers for
the Sérsi shape parameter, whereas the shear and seond-
exion are better indiators of the onentration parameter
for the NFW prole. We make some onluding remarks in
setion 5.
2 ANALYTIC LENSING FORMALISM
2.1 The Thin-Lens Equation
Given that exion onsiders nite soure sizes, we require a
two-dimensional version of the thin-lens gravitational lens
equation, whereby the mapping between a point on the
soure plane and the image plane are expliitly expressed.
In this way the thin-lens gravitational lens equation is ex-
pressed as
ηi =
DS
DL
ξi −DLSα˜i, (1)
where ξi is the impat parameter on the image plane, ηi
is the distane between the origin of the oordinate system
and the soure on the soure plane, α˜i is the deetion angle
and DS , DL and DLS are the angular diameter distanes
from the observer to the soure, the observer to the lens and
the lens to the soure respetively (the lens onguration is
shown in gure 1). Equation (1) an be put into a neater
form by using angular oordinates, βi = ηi/DS and θi =
ξi/DL, suh that
βi = θi − αi, (2)
where αi = α˜iDLS/DS is the saled deetion angle. Equa-
tion (2) an be re-expressed as a oordinate map between
the two angular oordinate systems allowing the mapping
to be expressed as a linear transformation
βi = Aijθj , (3)
where Aij := ∂βi/∂θj is the Jaobian of transformation and
summation is assumed over repeated indies. Equation (3)
impliitly assumes there are no gradients in the omponents
of Aij aross the image. Physially, this implies that the
onvergene and shear are onstant aross the image, whih
is not neessarily a good approximation when the soure
has a nite spatial extent. This is a reasonable assumption
if soures are assumed to be point-like, however for realisti
osmology one would like to be able to probe deviations of
the shear and onvergene aross images. Goldberg & Baon
(2005) therefore generalized equation (3) to inlude higher-
order terms, oined exion. These exion terms aount for
an image's ariness, and are therefore relevant if one is
onsidering soures of nite spatial extent. The non-linear
expansion of the thin-lens equation is
βi = Aijθj +
1
2
Dijkθjθk, (4)
where
Dijk :=
∂Aij
∂θk
, (5)
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Figure 1. Lens onguration. Rather than use the angles, θi and βi, to desribe the position of the image and the soure on the lens
plane respetively, we use the two-dimensional radial oordinates denoted ξi = DLθi and ηi = DSβi. The distanes between the soure
plane, lens plane and observer are all measured in terms of angular diameter distanes, and α˜i is the deetion angle.
is the gradient of the Jaobian. The omponents of the Dijk
matrix make up the omponents of the rst- and seond-
exion, a point that we disuss in onsiderably more detail
in setion 2.3.
We are interested in expliit expressions for the rst-
and seond-order lensing terms with respet to positions on
the image and soure planes. It is therefore instrutive for us
to work in the Cartesian (ηi, ξi) system of oordinates rather
than the angular (βi, θi) oordinates (see gure 1). In these
oordinates, the Jaobian and its gradient are expressed as
Aij =
DL
DS
∂ηi
∂ξj
and Dijk =
D2L
DS
∂2ηi
∂ξj∂ξk
. (6)
In this artile, we restrit our attention to distributions
of matter whih are irularly symmetri when projeted on
to the lens plane. For suh a prole, one an express the
deetion angle as (see for e.g. Shneider 2006)
α˜i =
4G
c2
M(|ξ|)
|ξ|2 ξi, (7)
where |ξ| =
p
ξ21 + ξ
2
2 and the projeted mass, M , is dened
as the area integral of the surfae density, Σ(|ξ|), whih for
irular symmetry is given by
M(|ξ|) = 2pi
Z |ξ|
0
Σ(ξ′)ξ′dξ′. (8)
Equation (1) an now be expressed in omponent form, also
substituting equation (7), yielding
ηi = ξi
DS
DL
»
1− 1
piΣcr
M(|ξ|)
|ξ|2
–
, (9)
where the ritial surfae density has been dened aording
to
Σcr =
c2
4piG
DS
DLDLS
. (10)
2.2 First-Order Lensing
The rst-order Jaobian, Aij , an now be alulated by dif-
ferentiating equation (9) whih, after some algebra is
A11 = 1− 2Σ(|ξ|)ξ
2
1
Σcr|ξ|2 +
M(|ξ|)
piΣcr|ξ|4
`
ξ21 − ξ22
´
, (11)
A22 = 1− 2Σ(|ξ|)ξ
2
2
Σcr|ξ|2 +
M(|ξ|)
piΣcr|ξ|4
`
ξ22 − ξ21
´
, (12)
A12 =
−2ξ1ξ2
piΣcr|ξ|4Q(|ξ|) = A21, (13)
where for onveniene we have dened the funtion
Q(ζ) := piΣ(ζ)ζ2 −M(ζ). (14)
The onvergene and two omponents of the shear are
expressed in terms of the omponents of the Jaobian as
follows
γ1 = −(A11 − A22)/2, (15)
γ2 = −A12, (16)
κ = 1− (A11 +A22)/2. (17)
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Evaluating the onvergene by substituting equations (11)
and (12) into (17) implies
κ =
Σ(|ξ|)
Σcr
, (18)
whih is the familiar version of this equation (see for e.g.
Shneider 2006). Evaluating the two omponents of the shear
using equations (11-13) implies
γ1 =
Q(|ξ|)
piΣcr|ξ|4
`
ξ21 − ξ22
´
, (19)
γ2 =
2Q(|ξ|)
piΣcr|ξ|4 ξ1ξ2. (20)
To ompare the equations for the shear with a more familiar
form, we onvert the above equations from Cartesian oor-
dinates, (ξ1, ξ2), into polar oordinates on the lens plane,
(R,φ), dened by ξ1 = R cosφ and ξ2 = R sinφ. This im-
plies that the onvergene and total shear, γ = γ1 + iγ2,
are
κ =
Σ(R)
Σcr
, (21)
γ =
Q(R)
piΣcrR2
e2iφ = |γ|exp (2iφ) . (22)
This is onsistent with showing that the shear is a spin-two
quantity, whereas the onvergene is spin-zero.
Equations (21) and (22) give the onvergene and shear
distributions as a funtion of the mass prole of the galaxy.
Whilst the onvergene is only dependent on the surfae
density, the shear is also a funtion of the mass. This im-
mediately gives the expeted result for a point mass lens
that the onvergene is everywhere zero (exept at the ori-
gin), whereas the shear is non-zero and goes as M/R2 (see
setion 3.1).
2.3 Flexion
The real interest in this artile lies in the exion terms, whih
are given by the seond-order Taylor series expansion, equa-
tion (4). The three-tensor, Dijk, is expressed in terms of the
gradient of the linear Jaobian of transformation in equation
(6) that, given equations (11-13), allows us to alulate the
individual omponents of the three-tensor in terms of the
oordinates ξ1 and ξ2. After muh algebra, one nds
D111 =
2DLξ1
`
ξ21 − 3ξ22
´
piΣcr|ξ|6 Q−
2DLξ
3
1
Σcr|ξ|3
dΣ
d|ξ| , (23)
D211 =
2DLξ2
`
3ξ21 − ξ22
´
piΣcr|ξ|6 Q−
2DLξ
2
1ξ2
Σcr|ξ|3
dΣ
d|ξ| , (24)
D221 =
−2DLξ1
`
ξ21 − 3ξ22
´
piΣcr|ξ|6 Q−
2DLξ1ξ
2
2
Σcr|ξ|3
dΣ
d|ξ| , (25)
D222 =
−2DLξ2
`
3ξ21 − ξ22
´
piΣcr|ξ|6 Q−
2DLξ
3
2
Σcr|ξ|3
dΣ
d|ξ| , (26)
where for the remainder of the artile Σ = Σ(|ξ|), Q =
Q(|ξ|) and M = M(|ξ|) unless otherwise expliitly stated.
As shown by Baon et al. (2006), the three-tensor, Dijk, an
be expressed as the sum of two other tensors, Dijk = Fijk+
Gijk, whih an be written omponent-wise as
Fij1 = −1
2
„
3F1 F2
F2 F1
«
, (27)
Fij2 = −1
2
„ F2 F1
F1 3F2
«
, (28)
Gij1 = −1
2
„ G1 G2
G2 −G1
«
, (29)
Gij2 = −1
2
„ G2 −G1
−G1 −G2
«
. (30)
In the above, F = F1 + iF2 and G = G1 + iG2 are known
as rst- and seond-exion respetively (Baon et al. 2006).
First-exion is a spin-one quantity that measures the shift in
the entroid of the image, and seond-exion is a spin-three
quantity measuring the ariness of the image.
Inverting the above system of equations implies we an
express the omponents of the rst- and seond-exion in
terms of the omponents of Dijk;
F1 = −1
2
(D111 +D221), (31)
F2 = −1
2
(D211 +D222), (32)
G1 = −1
2
(D111 − 3D221), (33)
G2 = −1
2
(3D211 −D222). (34)
Therefore, utilizing equations (23-26), (31) and (32), one an
show that the omponents of the rst-exion are
F1 = DL
Σcr
∂Σ
∂ξ1
, (35)
F2 = DL
Σcr
∂Σ
∂ξ2
. (36)
That is, the rst and seond omponents of rst-exion (i.e.,
F1 and F2 respetively) are the diretional derivatives of
the surfae density. Note that the rst-exion terms do not
inlude any funtions of the mass, whih is again onsistent
with the exion due to a point mass being zero (see setion
3.1). The total rst-exion, F = F1 + iF2, is given by
F = DL
Σcr|ξ|
dΣ
d|ξ| (ξ1 + iξ2)
=
DL
Σcr
dΣ(R)
dR
eiφ, (37)
implying the rst-exion is a spin-one eld (Baon et al.
2006) whih is the gradient of the surfae density. Given
that the onvergene is proportional to the surfae density,
this is an equivalent way of saying that the rst-exion is
the gradient of the onvergene.
Following the same proedure outlined above, one an
show that the omponents of the seond-exion are
G1 =
DLξ1
`
ξ21 − 3ξ22
´
piΣcr|ξ|6
»
pi
dΣ
d|ξ| |ξ|
3 − 4Q
–
, (38)
G2 =
DLξ2
`
3ξ21 − ξ22
´
piΣcr|ξ|6
»
pi
dΣ
d|ξ| |ξ|
3 − 4Q
–
. (39)
These form the total seond-exion term, G = G1 + iG2, as
G = DL
piΣcr|ξ|6
»
pi
dΣ
d|ξ| |ξ|
3 − 4Q
–
(ξ1 + iξ2)
3 . (40)
Finally, expressing the seond-exion in polar oordinates
and expanding Q to show the expliit dependene on the
surfae mass density and the projeted mass one nds
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G = DL
Σcr
»
dΣ(R)
dR
− 4Σ(R)
R
+
4M(R)
piR3
–
e3iφ. (41)
This expression is relatively simple and shows the depen-
dene of seond-exion on the surfae density, its diver-
gene and the projeted mass distribution. Moreover, one
an expliitly see that this is a spin-three eld, as shown in
Baon et al. (2006).
It is pertinent to note that Shneider & Er (2008)
showed that rst- and seond-exion are not observable
quantities due to the mass-sheet degeneray. Instead, they
showed that the observable spin-one and spin-three elds
are the redued exion terms;
F + gF∗
1− κ and
G + gF
1− κ , (42)
where g = γ/(1−κ) is the redued shear and F∗ = F1− iF2
is the omplex onjugate of rst-exion. Whilst it is ben-
eial to keep the mass-sheet degeneray in mind, a ma-
jority of work on measuring exion in real images us-
ing either the shapelets (Refregier 2003; Refregier & Baon
2003; Goldberg & Baon 2005) or HOLICs (Okura et al.
2007, 2008; Goldberg & Leonard 2007) approahes have
been based on deomposing the higher-order omponents
of the images into F and G. Therefore, for this artile we
ontinue to fous on the exion quantities, F and G, rather
than the terms expressed in (42).
2.4 A Note On Units
The system of oordinates we are using in this artile are
somewhat unonventional in the sense that they use dis-
tane, rather than angular oordinates on the image and
soure planes. We do this as we believe these units are more
onduive to numerial appliations, and are also more de-
sriptive to the reader. However, our approah implies it is
worth spending some time eluidating the dimensions that
we are using for eah of the derived quantities.
The surfae density is dened as the projetion of the
three-dimensional density distribution, implying it has units
of mass per unit area. Integrating this aording to equation
(8) implies the two-dimensional (projeted) mass distribu-
tion has units of mass (as one would expet). Therefore, the
onvergene and shear given by equations (18), (19) and (20)
are dimensionless. This is not surprising, and indeed this is
true when one uses angular oordinates. The exion terms
presented here are in dimensions of (angle)
−1
, whih is also
onsistent with those expressed in angular oordinates, how-
ever the angle is in units of radians. This an be seen as the
expressions for the rst- and seond-exion, equations (37)
and (41) respetively, are proportional to the ratio of the an-
gular diameter distane from the observer to the lens plane,
DL, and the impat parameter, |ξ|. As disussed in setion
2.1, this ratio is θ−1. This implies that to ompare the results
presented in this paper with those derived using angular o-
ordinates (for example Baon et al. 2006), one must onvert
from units of radians to arseonds. As an alternative, in
appendix A we show the equations for onvergene, shear
and exion expressed in angular oordinates.
3 EXACT SOLUTIONS
In this setion we present analyti solutions of the equations
expressed hitherto for various irularly symmetri matter
distributions. For ompleteness, we rst disuss the simplest
ase of a point mass, then move on to SIS, NFW and nally
Sérsi-law proles. These exat solutions are then used in
setion 4 to investigate dierenes between the exion of
various lenses, and we disuss how these exion terms an
be used to onstrain the density distributions.
3.1 Point Mass
Consider a Shwarzshild lens (i.e. a point mass) situated at
the origin of the oordinate system on the lens plane. This
implies that Σ = δ(|ξ|), where δ is the Dira delta funtion.
Moreover, the projeted mass distribution M = Ms is a
onstant for all |ξ| 6= 0. The Einstein radius for suh a system
in angular oordinates is
θE =
„
4GMs
c2
DLS
DSDL
«1/2
, (43)
and the ritial surfae density and Einstein radius are re-
lated aording to
Σcr =
Ms
piD2Lθ
2
E
=
Ms
piξ2E
, (44)
where we have dened ξE := DLθE to be the Einstein radius
measured as a distane on the lens plane.
The onvergene is linearly proportional to the surfae
density of the system, equation (18), implying it is triv-
ially zero everywhere exept |ξ| = 0. The shear, however,
inludes terms involving the projeted mass of the system.
From equations (19) and (20) the rst and seond ompo-
nents of the shear are
γ1 =
ξ2E
|ξ|4
`
ξ22 − ξ21
´
and γ2 =
−2ξ2E
|ξ|4 ξ1ξ2, (45)
and the total shear is
γ =
−ξ2E
|ξ|4 (ξ1 + iξ2)
2 =
−θ2E
θ2
e2iφ. (46)
Note that the nal equation in (46) is the usual expression
for the shear assoiated with a point mass, however with
an additional negative sign. This is a diret result of the
alulation, however we note that the negative sign is due
to the hoie of oordinates. That is, rotating our oordinate
system by ninety degrees implies the negative sign vanishes
[i.e. φ→ φ+pi/2 implies exp(2iφ)→ − exp(2iφ)℄. Therefore,
one is free to sale away the negative sign in equation (46)
by rotating the oordinate system, whih yields the familiar
result for the shear indued by a point mass lens.
Aording to equations (35) and (36), the omponents
of the rst-exion are the diretional derivatives of the sur-
fae density, implying these vanish (for all |ξ| 6= 0);
F1 = F2 = F = 0. (47)
As mentioned above, rst-exion is assoiated with a shift of
the entroid of the image with respet to the soure. There-
fore, F ≡ 0 for a point mass implies the entroid of the
image is unhanged. Seond-exion, however, is assoiated
with the ariness of the image, and one nds for the point
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mass lens that
G1 = 4DLξ
2
E
|ξ|6 ξ1
`
ξ21 − 3ξ22
´
, (48)
G2 = 4DLξ
2
E
|ξ|6 ξ2
`
3ξ21 − ξ22
´
. (49)
Combining these, the total seond-exion is given by
G = 4DLξ
2
E
|ξ|6 (ξ1 + iξ2)
3 =
4θ2E
θ3
e3iφ. (50)
Taking the magnitude of the above expression implies
seond-exion dereases proportionally to the projeted ra-
dius ubed, |G| ∝ |ξ|−3, ompared to the shear whih
dereases proportionally to the projeted radius squared,
|γ| ∝ |ξ|−2. Therefore, as one gets further from the soure,
the shear term will ome to dominate over the seond-
exion, and this eet will beome more negligible as one
looks further from the origin (see gure 2).
It is interesting to note that while the point mass has
vanishing rst-exion and non-zero seond-exion, it is rel-
atively straightforward to also onstrut lens models where
the seond-exion vanishes but the rst-exion is non-zero.
Indeed by setting equation (41) equal to zero, one an show
that the seond-exion vanishes for models with Σ ∝ |ξ|2.
Whilst this is obviously unphysial, as the surfae density
distribution inreases monotonially as a funtion of radius,
one still nds that the rst-exion is non-zero everywhere
(for all |ξ| 6= 0) with |F| ∝ |ξ|.
3.2 Singular Isothermal Sphere
Several observational studies of early-type galaxies using
gravitational lensing have suggested that the total matter
distribution (i.e. baryoni plus dark matter) is well desribed
by a nearly isothermal density prole (Treu & Koopmans
2002, 2004; Rusin et al. 2003; Rusin & Kohanek 2005;
Koopmans et al. 2006; Czoske et al. 2008; Dye et al. 2008;
Tu et al. 2009). Indeed the strongest evidene for this is
from Gavazzi et al. (2007) who reported weak lensing stud-
ies of 22 early-type galaxies based on HST imaging, on-
luding that an isothermal distribution is onsistent out
to 100 eetive radii. On larger sales, isothermal spheres
have been found to t the density prole of galaxy lus-
ters (Athreya et al. 2002; Ettori et al. 2002; Katgert et al.
2004), although reent debate has suggested the NFW pro-
le may provide a better t (see setion 3.3). Analytially,
gravitational lensing studies have ompared SIS and NFW
proles at rst- (Wright & Brainerd 2000) and higher-order
(Baon et al. 2006), implying the SIS prole provides us
with the simplest realisti prole to reprodue known re-
sults.
The SIS density prole is desribed in terms of the
three-dimensional (deprojeted) radius, r, as
ρ(r) =
σ2
2piGr2
, (51)
where σ is the one-dimensional veloity dispersion. Projet-
ing equation (51) along the line-of-sight gives the surfae
density (for example see Binney & Tremaine 1987)
Σ =
σ2
2G|ξ| . (52)
We note that the SIS prole, like the point mass, is singular
at the origin. This implies that the following analysis is valid
for all |ξ| 6= 0, however in reality one must quantify at what
radius the system is a weak lens (see setion 4). By dening
the Einstein radius in units of distane as ξE := DLθE ,
where θE is the standard Einstein radius for an SIS lens, one
an show that the ritial surfae density, Σcr, is related to
the Einstein radius as
Σcr =
σ2
GξE
. (53)
By substituting the above equations into (18), we an show
that the onvergene falls-o linearly with the distane from
the enter of the oordinate system;
κ =
ξE
2|ξ| =
θE
2θ
. (54)
Moreover, the omponents of the shear have a similar be-
haviour with the extra angular dependene
γ1 =
−ξE
2|ξ|3
`
ξ21 − ξ22
´
, (55)
γ2 =
−ξE
|ξ|3 ξ1ξ2. (56)
As we know the shear is a spin-two eld, we are essentially
only interested in the strength of the respetive elds. There-
fore, for the remainder of the artile, unless expliitly stated,
we shall just be working with the magnitudes of these elds.
Now, as γ = |γ| exp(2iφ), one an show from the above that
|γ| = ξE
2|ξ| =
θE
2θ
. (57)
The rst-exion omponents are
F1 = −DLξE
2|ξ|3 ξ1 and F2 =
−DLξE
2|ξ|3 ξ2. (58)
First-exion is a spin-one eld, implying F = |F| exp(iφ).
Equations (58) imply the rst-exion falls-o proportionally
to the distane squared;
|F| = −DLξE
2|ξ|2 =
−θE
2θ2
. (59)
The seond-exion omponents are
G1 = 3DLξE
2|ξ|5 ξ1
`
ξ21 − 3ξ22
´
, (60)
G2 = 3DLξE
2|ξ|5 ξ2
`
3ξ21 − ξ22
´
, (61)
whih is a spin-three eld, G = |G| exp(3iφ), implying
seond-exion also dereases proportionally to the radius
squared
|G| = 3DLξE
2|ξ|2 =
3θE
2θ2
. (62)
All of the above equations that are written in angular oor-
dinates are onsistent with those presented in Baon et al.
(2006). These analyti expressions are plotted for a spei
mass in gure 2 where they are ompared with the NFW
and Sérsi-law proles.
3.3 Navarro-Frenk-White Prole
Compared to the SIS prole, the NFW prole introdues an
extra parameter into the saling of density distributions. The
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onentration, c, whih is dened as the ratio of the three-
dimensional virial radius to the three-dimensional sale ra-
dius, c = r∆/rs, is a funtion of the partiular osmology
being used. In setion 4 we ompare the NFW prole to
the other proles being analysed here, as well as ompar-
ing the eets of varying the onentration on the rst- and
higher-order lensing phenomena. The NFW prole is gener-
ally given in terms of the three-dimensional radii, r,
ρ(r) =
δcρc
(r/rs) (1 + r/rs)
2
, (63)
where ρc is the ritial density of the Universe and
δc =
∆
3
c3
ln (1 + c)− c/ (1 + c) . (64)
Projeting this onto the two-dimensional radius, |ξ|, gives
the surfae density (Bartelmann 1996)
Σ =
2ρcδcr
3
s
|ξ|2 − r2s
[1− Ξ(|ξ|)] , (65)
where we have dened the following funtion
Ξ(|ξ|) :=
8><
>:
2rs√
r2
s
−|ξ|2
arctanh
q
rs−|ξ|
rs+|ξ|
|ξ| < rs
2rs√
|ξ|2−r2
s
arctan
q
|ξ|−rs
|ξ|+rs
|ξ| > rs
. (66)
Integrating the surfae density gives the projeted mass dis-
tribution
M = 4piρcδcr
3
s
»
ln
|ξ|
2rs
+ Ξ(|ξ|)
–
. (67)
The onvergene and shear an now be expressed simply
as funtions of the above expressions. From equation (21),
the onvergene is simply κ = Σ/Σcr , where the surfae den-
sity is given by equation (65). The total shear is determined
by equation (22) as
|γ| = 2ρcδcr
3
s
Σcr (|ξ|2 − r2s)
»
1− Ξ− 2
„
1− r
2
s
|ξ|2
«„
ln
|ξ|
2rs
+ Ξ
«–
, (68)
where Ξ = Ξ(|ξ|). Equation (37) implies rst-exion is found
by dierentiating the surfae density, whih an be shown
to be
|F| = −2DLρcδcr
3
s
Σcr|ξ| (|ξ|2 − r2s)2
`
2|ξ|2 + r2s − 3|ξ|2Ξ
´
, (69)
and equation (41) implies the seond-exion for the NFW
prole is given by the expression
|G| = 2DLρcδcr
3
s
Σcr|ξ| (|ξ|2 − r2s)2
2
48„1− r2s|ξ|
«2
ln
|ξ|
2rs
+3
`
r2s − 2|ξ|2
´
+
„
15|ξ|2 − 20r2s + 8 r
4
s
|ξ|2
«
Ξ
3
5
(70)
Despite the mass of the system being innite, one an show
that the onvergene, shear, rst- and seond-exion all tend
to zero as |ξ| → ∞. These proles are plotted against the
SIS and Sérsi-law proles in gure 2, and we also look at
the dependene of the onentration in gure 3 and setion
4.
3.4 Sérsi Prole
It has long been argued that a Sérsi-law (Sérsi 1968)
provides a remarkably good t to luminosity proles of
early-type galaxies, ranging in size from dwarf galax-
ies to the largest elliptial galaxies (Caon et al. 1993;
Graham 2001; Graham & Guzmán 2003; Graham et al.
2003; Trujillo et al. 2004). For a onise referene to Sérsi
quantities, see Graham & Driver (2005). Reently, a Sérsi-
law has also been shown to provide a good t to three-
dimensional density proles (Navarro et al. 2004), and also
to projeted surfae density proles (Merritt et al. 2005) of
dark matter halos. In a series of papers (Merritt et al. 2006;
Graham et al. 2006a,b) it has further been shown that pro-
jeted Sérsi surfae density proles provide the best t to
simulated galaxy- and luster-sized dark matter halos.
Cardone (2004) rst analysed the Sérsi prole in the
gravitational lensing ontext, showing that mass estimates
using lens reonstrutions is highly dependent on the hoie
of Sérsi parameter. Elíasdóttir & Möller (2007) ompared
gravitational lensing for Sérsi and NFW proles, and found
that mass estimates may dier by up to a fator of two, de-
pendent on the hoie of density prole and Sérsi index.
In the weak lensing regime, they did this by looking at the
shear of both proles. We take this a step further by also
analysing higher-order lensing terms. In this setion, we pro-
vide the rst expliit representation of exion terms for the
Sérsi-law prole, and in setion 4 we ompare these results
to those of the NFW and SIS proles.
The Sérsi prole is dened in terms of the surfae den-
sity
ln
„
Σ
Σe
«
= −bn
"„ |ξ|
ξe
«1/n
− 1
#
, (71)
where Σe is the surfae density at the eetive radius, ξe.
The onstant n is the Sérsi shape parameter whih de-
sribes the shape of the prole and bn is a funtion of n
that is hosen suh that the eetive radius ontains half of
the projeted mass of the system. Analytially, this is given
as the solution of Γ(2n) = 2Γ(2n, bn), where
Γ(α, x) =
Z x
t=0
e−ttα−1dt, (72)
is the lower inomplete gamma funtion and Γ(α) :=
limx→∞ Γ(α, x) is the omplete gamma funtion. As suh,
bn an be reasonably approximated to bn = 2n − 1/3 +
4/(405n)+O(n−2) for 0.5 < n < 10 (Ciotti & Bertin 1999).
Integrating the surfae density gives the projeted mass
M = 2pin
ebn
b2nn
Σeξ
2
eΓ (2n, Z) , (73)
where Z = bn (|ξ|/ξe)1/n. One an see that the Sérsi-law
has one more parameter than the NFW prole, a point we
disuss in more detail in setion 4 and also appendix B.
After muh algebra, one an show that the magnitudes
of the onvergene and shear for the Sérsi prole an be
expressed as
κ =
Σe
Σcr
exp
(
bn
"
1−
„ |ξ|
ξe
«1/n#)
, (74)
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|γ| = Σe
Σcr
0
@ exp
(
bn
"
1−
„ |ξ|
ξe
«1/n#)
−2ne
bnξ2e
b2nn |ξ|2
Γ (2n, Z)
1
A. (75)
Furthermore, the magnitudes of the rst- and seond-exion
terms are
|F| = −DLΣebn
nΣcr|ξ|
„ |ξ|
ξe
«1/n
exp
(
bn
"
1−
„ |ξ|
ξe
«1/n#)
,(76)
|G| = DLΣe
Σcr
0
@8nebnξ2e
b2nn |ξ|3
Γ (2n, Z) − 1|ξ|
2
4bn
n
„ |ξ|
ξe
«1/n
− 4
3
5
× exp
(
bn
"
1−
„ |ξ|
ξe
«1/n#)1A. (77)
4 PROFILE COMPARISONS
We ompare gravitational lensing eets of the various
density distributions by holding the virial mass of eah
system onstant, whih is the same method used by
Wright & Brainerd (2000) for omparing rst-order lens-
ing properties of the NFW and SIS proles. The three-
dimensional (i.e. deprojeted) virial radius, r∆, is dened as
the radius inside whih the average density of the halo is ∆
times the ritial density of the Universe, implying the three-
dimensional virial mass is M∆ = 4pi∆ρcr
3
∆/3 (throughout
the remainder of the artile we use ∆ = 200). Construting
the lens models then requires the three-dimensional (depro-
jeted) density distribution for eah prole, as well as the
three-dimensional mass distribution. In general, these two
equations an be inverted to nd r∆, and also the various
parameters assoiated with the individual proles (for ex-
ample the veloity dispersion, σ, for the SIS prole). The
Sérsi prole is a little more diult to treat with this pro-
edure as analyti forms of the deprojeted density and mass
funtions do not exist. As suh, we use the analyti approx-
imations given by Prugniel & Simien (1997), as well as em-
pirial relations from Graham et al. (2006b). Details of the
way in whih we onstrut Sérsi-law density distributions
are provided in appendix B.
Following Baon et al. (2006), we use a at ΛCDM os-
mology with Ωm = 0.3, ΩΛ = 0.7 and h = 0.72. We plae
the lensing mass at a redshift of zL = 0.35 and the soure
at zS = 0.8 as these values orrespond to DLS/DS ≃ 0.5.
To ompare the four density proles, we use a lens mass of
M200 = 10
12h−1M⊙. For the NFW prole, the onentra-
tion fator, c, whih is the ratio of the virial radius to the
sale radius (see setion 3.3), is a funtion of the osmology
and the redshift of the lens whih, for the above system, is
evaluated to be c = 7.20. For the Sérsi model we use empir-
ially derived relations between the Sérsi shape parameter,
n, and the mass of the system: from Graham et al. (2006b),
their equation (12), we nd the Sérsi shape parameter for
a galaxy of mass M200 = 10
12h−1M⊙ is n ≃ 8.6.
Figure 2 shows the lensing properties of the
Shwarzshild lens (dotted red line), SIS (dashed green line),
NFW (blue dashed-dot line) and Sérsi (thik blak line)
mass distributions. The Shwarzshild lens has an Einstein
radius of ξE ≃ 11.5 kp, whih implies that for impat pa-
rameters inside this radius the results presented are not in
the weak lensing regime. The most striking feature in these
plots is that at large distanes, the onvergene and rst-
exion for the SIS are signiantly larger than for the NFW
and Sérsi proles. Bearing in mind that the onvergene
is linearly proportional to the surfae density, this implies
that at large distanes the surfae density of the SIS is also
signiantly larger than the NFW and Sérsi prole. This is
onsistent with the fat that the outer-logarithmi slope for
NFW proles is −3, while the slope of an isothermal sphere
is −2. Additionally, the slope of a Sérsi-law prole depends
on the spei shape parameter, n, and varies as a funtion
of the distane from the entre of the prole, i.e. |ξ|. Inter-
estingly, whilst these features are evident in the onvergene
and the rst-exion, they are less apparent in the shear and
seond-exion.
It is worth exploring the extent to whih the above
properties of the NFW and Sérsi proles depend on the
onentration and shape parameters respetively. The on-
entration parameter in the NFW prole, c, is dened as
the ratio of the virial radius to the sale radius, whih is a
funtion of the spei osmology. Figure 3 shows the eet
of a varying onentration on the dierent lensing proper-
ties. A lensing mass of M200 = 10
10h−1M⊙ is used, with
values of c = 4, 8, 12, 16, 20, 24. For a Shwarzshild lens of
this mass at these distanes the Einstein radius is ξE ≃ 1.2
kp, whih again gives us a sale on whih a weak lensing
treatment is appropriate.
It is apparent from gure 3 that the lensing properties
of an NFW prole are not linearly eeted by the onen-
tration parameter. Indeed as c beomes larger, the lensing
properties begin to onverge, implying that at large c the
plots beome indistinguishable. Moreover, the eet of the
onentration parameter is greater at small distanes from
the entre of mass of the lensing galaxy. This is seen most
pertinently in the onvergene where at |ξ| ∼ 10ξE the lines
are indistint. It is also interesting to note that variations
in the onentration parameter ause the shear and seond-
exion to hange signiantly more than the onvergene
and rst-exion. Therefore, given a series of lensed images,
and assuming an NFW t to the density prole, one an
learn more about the speis of the prole from the shear
and the seond-exion than from the onvergene and the
rst-exion. There is likely to be a degeneray between the
mass of the lensing galaxy and the onentration parameter
if there are only a handful of images. Our results imply that
using both the shear and the seond-exion may be able to
break this degeneray so c and M an be obtained.
Figure 4 shows the lensing properties of Sérsi proles
for various values of the Sérsi shape parameter, n. The lens-
ing mass is again M200 = 10
10h−1M⊙, implying the point
mass lens has ξE ≃ 1.2 kp, and we vary 1 6 n 6 9. The
striking feature of these plots is that the shear and seond-
exion have signiantly less dependene on the shape, n, of
the Sérsi prole than the onvergene and the rst-exion.
Indeed, zooming in on the vertial sale by an order of mag-
nitude for the shear and seond-exion plots reveals that the
dependene on n an only be seen for |ξ| ≪ ξE. Moreover,
the eet of the shape parameter on the onvergene and
rst-exion inreases as one moves further from the soure,
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Figure 2. Convergene, shear, rst- and seond-exion for Shwarzshild lens (dotted red line), SIS (dashed green line), NFW (dash-dot
blue line) and Sérsi prole (thik blak line). The three-dimensional virial masses of eah of these proles is 10
12h−1M⊙, with the lens
and soure plaed at zL = 0.35 and zS = 0.8 respetively. As an indiator of the weak lensing regime in these plots, the Einstein radius
for the Shwarzshild lens is ξE ≃ 11.5 kp.
although this may be diult to detet observationally due
to the relative size of the signal being signiantly weaker at
large separations from the lensing mass. The fat that there
is no dependene on the spei shape of the Sérsi prole
on the shear and seond-exion implies that these two prop-
erties an be used to derive the mass of the lensing objet,
whilst the onvergene and rst-exion an then be used to
derive n. Weak gravitational lensing thus provides an inde-
pendent method for deriving the masses of Sérsi-law galax-
ies and lusters whih only weakly depends on the spei
shape of the prole, provided the orret lensing properties
are utilised, i.e. the onvergene and seond-exion.
5 CONCLUSION
We have derived general equations governing the onver-
gene, shear, rst- and seond-exion for irularly sym-
metri gravitational lenses in terms of the surfae density
and projeted mass of the lens. We have shown that the
omponents of the rst-exion are simply the diretional
derivatives of the surfae density, while the seond-exion is
a slightly more ompliated funtion of the surfae density,
its gradient and also the projeted mass distribution. By
applying the formalism to spei lens models, in partiu-
lar a Shwarzshild lens, a singular isothermal sphere (SIS),
Navarro-Frenk-White (NFW) prole and a Sérsi prole, we
have ompared the signature eah prole has on eah of the
lensing terms as a funtion of the radial impat parameter.
Whilst the NFW and SIS proles have been ompared pre-
viously, both at linear-order (Wright & Brainerd 2000) and
also for exion (Baon et al. 2006), to the best of our knowl-
edge this is the rst time exion for Sérsi-law proles have
been presented. In partiular, we showed that the shear and
seond-exion eets for a Sérsi prole are systematially
larger than for the NFW and SIS proles (gure 2). This
implies that one must be areful about the spei mat-
ter distribution assumed when attempting to analytially
reonstrut the total mass and mass prole of a irularly
symmetri lens.
An SIS prole is uniquely determined by designating
the mass at a ertain radius (e.g. virial mass). However,
both the NFW and Sérsi models have extra parameters
that determine their exat shape. The onentration of the
NFW prole is the ratio of the virial radius to the sale ra-
dius, whih is a funtion of the partiular osmology being
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Figure 3. Convergene, shear, rst- and seond-exion for NFW proles with ranging values of the onentration, c, with M200 =
10
10h−1M⊙. Note that a Shwarzshild lens of this mass at this distane has an Einstein radius of ξE ≃ 1.2 kp, implying the weak
lensing regime is somewhat beyond this limit. The values of the onentration shown are c = 4, 8, 12, 16, 20, 24. As the onentration
inreases, the urves onverge on one another. The shear and the seond-exion show distintions between the various values of the
onentration better than the onvergene and rst-exion.
onsidered. We showed that the onvergene and rst-exion
are relatively weakly dependent on the onentration param-
eter used, ompared with the shear and the seond-exion
(see gure 3). The Sérsi prole is parametrized by the Sér-
si shape parameter, n. Counter to the NFW onentration
parameter, the Sérsi shape parameter is more heavily de-
pendent on the onvergene and rst-exion, whereas the
shear and seond-exion vary little as n hanges (gure 4).
These properties therefore provide the opportunity to di-
retly measure both the mass of lensing galaxies as well as
the spei shape of their density proles. Given a limited
supply of images around a spei galaxy, higher-order lens-
ing terms may provide the ability to give extra onstraints
on the individual proles of the galaxies.
The gravitational lensing systems explored in this ar-
tile are idealized in that the projetion of their mass dis-
tributions are irularly symmetri. Moving beyond irular
symmetry requires the numerial solution of the thin-lens
gravitational lens equation. One is then free to study the ef-
fet of non-irular lens models by inluding anisotropies in
the lensing galaxy, and also to look at the eet the size of
the soure has on the shape of the nal image. Whilst these
appliations will be extremely useful for determining the
mass distributions of various galaxies using next-generation
gravitational lensing surveys, the higher-order gravitational
lensing eets will also be useful in studying the dark matter
and dark energy ontent of the Universe. Moreover, although
the study of rst-order gravitational lensing through N-body
simulations has been around for some time (see for exam-
ple the reent review by Munshi et al. 2008), the study of
exion in these systems has sarely been broahed. In this
way, one an study the expeted probability distributions
for rst- and seond-exion as a funtion of the spei os-
mology. The advantage of using exion as opposed to linear
gravitational lensing eets is that a systemati bias is taken
out of the study as only one reasonable assumption about
the soure objet is required  that it is not intrinsially
exed.
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Figure 4. Convergene, shear, rst- and seond-exion for Sérsi proles with ranging values of the Sérsi shape parameter, n, with
M200 = 10
10h−1M⊙. As with gure 3, a Shwarzshild lens of this mass at this distane would have an Einstein radius of ξe ≃ 1.2 kp,
implying the weak lensing regime is somewhat beyond this limit. The shear and seond-exion vary extremely weakly with a hange in
n, whilst the onvergene and rst-exion are more heavily dependent on this parameter.
APPENDIX A: CONVERGENCE, SHEAR AND
FLEXION IN ANGULAR COORDINATES
It is instrutive to show the main equations from setions
2.2 and 2.3 expressed in angular oordinates, (θ1, θ2), where
ξi = DLθi. From the denition of the projeted mass fun-
tion in terms of the surfae density, equation (8), implies
that the projeted mass expressed in angular oordinates
is related to the mass in distane oordinates aording to
M(|ξ|) = D2LM(|θ|), where |θ| =
p
θ21 + θ
2
2. It is trivial to
show that the expression for the onvergene, equation (18)
goes unhanged, however the omponents of the shear, equa-
tions (19) and (20), written in angular oordinates beome
γ1(θ1, θ2) =
θ21 − θ22
piΣcr|θ|4
`
piΣ|θ|2 −M´ (A1)
γ2(θ1, θ2) =
2θ1θ2
piΣcr|θ|4
`
piΣ|θ|2 −M´ , (A2)
where for the remainder of this appendix Σ = Σ(|θ|) and
M = M(|θ|). The magnitude of the total shear is
|γ(θ1, θ2)| = 1
piΣcr|θ|2
`
piΣ|θ|2 −M´ . (A3)
The omponents of the rst-exion, equations (35) and (36),
are given in angular oordinates as
F1(θ1, θ2) = 1
Σcr
∂Σ
∂θ1
, (A4)
F2(θ1, θ2) = 1
Σcr
∂Σ
∂θ2
, (A5)
implying the magnitude of the rst-exion is
|F (θ1, θ2)| = 1
Σcr
∂Σ
∂|θ| . (A6)
Where previously the exion terms were expressed in units
of distane, one an now see rst-exion has units of
(angle)
−1
. It is trivial to see that the following three ex-
pressions governing the seond-exion in terms of angular
oordinates are also expressed in these same units.
G1 (θ1, θ2) = θ1
`
θ21 − 3θ22
´
piΣcr|θ|6
»
pi
dΣ
d|θ| |θ|
3 − 4piΣ|θ|2 + 4M
–
,(A7)
G2 (θ1, θ2) =
θ2
`
3θ21 − θ22
´
piΣcr|θ|6
»
pi
dΣ
d|θ| |θ|
3 − 4piΣ|θ|2 + 4M
–
,(A8)
|G (θ1, θ2)| = 1
Σcr
„
dΣ
d|θ| −
4Σ
|θ| +
4M
pi|θ|3
«
. (A9)
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APPENDIX B: CREATING GALAXIES WITH
SÉRSIC PROFILES
The Sérsi prole is dened in terms of the projeted sur-
fae density, equation (71). However, to ompare the lens-
ing eets of the Sérsi prole with other density distri-
butions, one requires the deprojeted form of the density
and mass distributions (see the disussion in setion 4).
Whilst an analyti form of the deprojeted Sérsi prole is
not available, an analyti approximation has been provided
byPrugniel & Simien (1997), and has further been explored
in detail by Merritt et al. (2006); Graham et al. (2006a,b).
Prugniel & Simien (1997) showed that the three-
dimensional density distribution assoiated with the surfae
density of the Sérsi prole, given by equation (71), an be
approximated as
ρ(r) = ρe
„
r
ξe
«−p
exp
(
−bn
"„
r
ξe
«1/n
− 1
#)
. (B1)
Here, ρe is the three-dimensional density at the eetive
(projeted) radius ξe. The funtion p = p(n) is utilised
to ensure that the projetion of equation (B1) relates as
losely as possible to the projeted Sérsi prole, i.e. equa-
tion (71), for the range 0.6 6 n 6 10. This was rst given by
Lima Neto et al. (1999) as p = 1.0−0.6097/n+0.05463/n2 ,
and a goodness of t is shown in Merritt et al. (2006). Inte-
grating the three-dimensional density distribution over the
volume gives the three-dimensional mass distribution,
M3D(r) = 4pinξ
3
eρee
bnb−(3−p)nn Γ
"
(3− p)n, bn
„
r
ξe
«1/n#
.(B2)
Cardone (2004) rst looked at gravitational lensing for
a Sérsi prole. He disussed the need to redue the pa-
rameter spae of the system in order to build a graviational
lens from a Sérsi model. To that end, he used an empiri-
al relation governing the deprojeted eetive radius, the
entral surfae brightness and the Sérsi shape parameter,
n (see equation A.4 and A.5 of Cardone (2004)). It is pos-
sible for us to also use this relation, and subsequently on-
vert the entral surfae brightness into a density by invoking
more empirial relations and also assuming a mass-to-light
ratio. Essentially, this proedure has already been ompleted
for the Prugniel & Simien model by Graham et al. (2006b)
[their equations (13) and (14)℄;
log10 ρe = k − 2.5 log10 ξe. (B3)
Here, ξe is in units of kiloparses, ρe is in solar masses per
ubi parse and k is a onstant whih is 0.5 for luminous
elliptial galaxies and galaxy-sized dark matter halos (with
logRe & 0.5) and 2.5 for luster-sized dark matter halos
(with logRe & 1.5). Finally, the three-dimensional density
at the eetive (projeted) radius is related to the two-
dimensional surfae density at ξe by
ρe = Σeb
(1−p)n
n
Γ (2n)
2ξeΓ [(3− p)n] . (B4)
As mentioned in setion 4, to ompare proles we spe-
ify the virial mass of the system, M∆, implying we know
the virial radius, r∆. Substituting this into equation (B2),
together with equation (B3) implies we have an equation
for ξe as a funtion of the Sérsi shape parameter, n. This
equation is not analytially invertible due to the presene
of the inomplete gamma funtion, however it an be solved
numerially for given values of n. Therefore, one this equa-
tion is solved, we know ξe and hene ρe, whih an both
be substituted into equation (B4) to give Σe. The projeted
Sérsi prole (71) an nally be evaluated, along with its
various derivatives and also the two-dimensional mass, im-
plying all of the lensing quantities an be evaluated.
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